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Let's consider how smatrix elements contlin transform under Poincaré

Translations
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Removing the disconnected subamplitudes where momentum is conserved separately in eachcluster
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and since the 8 Eki EP ineachpartitionof are all Lorentzinvariantand8h isLittleGroupinvarient

then the connected scattering amplitude transforms as following
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For massless particles in particular Dk 8h exptitular h so that 5 reeds
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masslessonly particles

Remenk the outgoing states transform exactly like ingoing states with opposite helicity

so that's convenient to adopt the convention that allparticles aretreated as if
they were all incoming just flipping the helicity of the outgoing ones Likewise

it's convenientto redefine their momentatoo pi o n so thateverything is symmetric

J Ziki of conservation 1St and thesign of ki telling ofwhichphysical

process one is referring If internalcharges are presentthey are flipped too

7 Mm hn hn 217842 ki all incoming convention
Intotalnumeroflegs

the only caveat is actually a phase factor that can befixed using CPT thatsends in ants
CPtin'S fit in so that one actually includes a furtherfishwhen flipping from
in out

ProvisionalLesson

The helicitieshi one Poincaréinvariant labelsof masslessamplitudes that are
functionsofmomenta whichneedtosatisfy
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Remark

The LSZ way of calculating scattering amplitudes automically solves the 5 and 6

became of theway polaitations transform Forexample a massive vectorgives
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On the other hand for a massless vector Ehla o ÉEhitan Knx so that 6

or 18 are ok as long as My defined by M Emma is transverse

101 kn M 0 Ward identity

In other words we have a well defined algorith to produce amplitudes

that respect Poincaré if we start with a Lagrangian calculate correlations

e.g via Pathintegral or Tgemmen and finally LSZ project on thesingularities

On shell Methods

Let's change now perspective is Poincaré unitarity enough to actually guessthe

rightanswer directly for M The answer for masslessparticlesexpecially is yes

for onshellsptfunctions outofwhichone can buildhigher npoints via unitarityfactoria

Fee K Let's restrictfor concreteness to masslessparticlesonly ki

butallowourselfcomplex after allin LSZ theFouriertransfcan beanalyticallyextended
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Whatfunctions Mn hn ki Kn satisfy Eq181

This seems hard but in therightvariables spinors becometrivial

Let's remind that
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Important Remarks

The talk and t.IN solve Weyl equations
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by antisymmetry of SCC2ci
invariant contractions 3 51 spike
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This immediately confirms α is lefthanded and Is righthanded
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4

exp i ofx ̅ exp i

For real momente Is since 0 are hermitian

The pair I is definedfrom k up to a rescaling

I D WH x ̅ a km

That leaves k invariant andfor MyrealW W Wexpliol OER



161
This is nothing but the action of littlegroupin et in 44 example

This means that I I are elements of equivalence close

6 II X Y iff XI X X km the same

We can choose a representative del XII for a certain EINHEIM
then define
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crucially however a generic sc12at transformation change representative
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summarizing



Given a null momentum complex or real we can associate to it 144

a pair of
momentum

spinors data ital up to littlegroup
transformations andindeed 542,41 542,41 change representative in equivclass
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This is important because it allows to solve the constraint18 namely
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as soon as Mn hn is actually a momentum spinov 542,41 542,41invariant

function Mm hn Iii Xi with Nail Ifni
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of homogeneous degree chi for each i th particle

Homogeneous
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Remark Thecondition 411 says amplitudes are sck invariantsolutionsofa diffproblem

221 HiMm hn hiMm hn Hi IF 3 day i



where the helicity operator 1H counts halfright halfleft spinors inMy
The constraint is notenough amplitude obey unitarity too so the strategy

is building spt obeying1221 i e Ri andconstructapt thatautomatically

willsatisfy unitarity

Updatedlesson Amplitudes areÉÉt fmomentumspinors asopposedtojustmomentalthatobey421
i e Solve411

Angle and squarespinors

It's convenientto introduce a indexfree notation
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so that amplitudes built with sijs and i

441 Mh hn sij Ij

obey Lorentz as soon as are 2h homogeneous w.tt Littlegroups

2T Mn hn Sij ViLij Wi Mm hnKiss i ti

Let's find a solution of Cat for 3ptfunctions
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Massless 3pt functions 1

3pt kinematics is very simple

1261 KntKath 0 Kitk sijfmom.coEtii

so that all Mandelstam invariants are constantmesses For allmassless particles
the Mendelstem invariants are all trinal

7 2H K o ij ji D either ij o or ji o

Example 41275213 0 my 4123 0 123 0 4235237
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133 4134333

12335 and 4237831 E.m.ch 31 0

Lesson if one ij o then all ij o if insteadone sijs o then all sis's o

aptmastless

Remark

For realkinematics actually botharevanishing since list it DIi ji 5 0

and therefore no nontrivial onshellsptamplitude existfor realmomenta

This is way it's usefulto go
to complex kinematics

This immediately imply that spt functions are either functionsof c or C notboth

1281 Ahhah ij or thhheh i j

called
holomorphicconfiguration antholomorphicconfiguration

Now we need to enforce the homogeneity helicity constraint 25 Fi
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If holomorphic
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How to choose if holomorphic or antiholomorphic Notice that ij Energy i

Energy54ᵗʰ holomorphic

3 Minds
energy

hithaths
antiholomorphic

Locality in theform of Energy select which one to use

depending on whethe Zhi o or Ehi so

thin.ph ngffghit2agfettggderstoodby matching it toLegragon
with fields

Example Minimalcoupling massless lefthandedfermion to photon helicitypreserving
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Example Minimal coupling messles chargedsador to to photon

es Moo 4 m
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Notice that 135 is antisym under 10 02 I 2 can'tbe

identical youneedindeed
two statesofoppositecharge

Example YM Yu
2

136 M α 44 52
α 48

Notice that antisym under 10 02 the coupling constantmust
be antisym
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4pt Amplitudes

The strategy here is the following Make anatz compatible w LittleGroup

Solve forunknownparameters using factoritat

Let's consider the instructivecase of YM amplitude
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other onsets such as E 43 4 É 425 432FYI
included

Then we assume we are working at tree level and have a dimensionless

genge coupling themostgeneral F withsimple poles in the 3 channels is
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analytic terms canbe added but theycomewith t.hn scale corresponding to

higher dim operators then YM theory

Now we demand that on each pole the amplitude factorite in spt's

4 REM 1162s 3 41 4125134 Cst Cas Mh25Itel.M.ltFe

ps
8 fabefade 34 3224

yard g fabefade assetb c

92fabefade 42 34313

I 412 233 233134
8Fabefoole4127434

mom conservation

II 21 11 11 127121
13 31 4 41

g fabefade 423472
on s no limit

H

est Cas g fabefade
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Under this condition on the f's theamplitude is fully determined
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and by construction consistentwith unitarty factoritation
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Let's see another
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Equivalentand more symmWirt 1 4 is 942 p 13 21p 14133242

since Pa 14 41,5m4 11 12 121 137 31
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